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\S 0. . ( )
$K$ , $G$ $K$ , $B$ , $(G,B)$ Hecke
.
$H(G, B)$ $:=free$ Z-module on $\{[x]=BxB;x\in G\}$
: $[x].[y]= \sum_{[z]}m([x], [y];[z])[z]$ $(m([x], [y];[z])\in Z)$
[Shi] , $H(G,B)$ $G$ (Z- ) B- , compact support
, $G$ Haar convolution .
(1) $H(G, B)$ . , ( ) .
(2) $H(G, B)\otimes_{Z}C$ ( 1 ) , .
, ,
. , : $G:=SL_{2}(Q_{p})$ . $B$
$B_{n}$ $:=$ { $(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Q_{p});c\equiv 0$ (mod $p^{n})$ } $(n=0,1,2, \ldots)$
. ( $B_{0}=SL_{2}(Z_{p})=$ ). , $G$ admissible $(\pi, V_{\pi})$
$V_{\pi}^{B}$ $:=\{f\in V_{\pi};\pi(x)f=f(\forall x\in B)\}$
$H(G, B)$ $(\varphi_{\pi}, V_{\pi}^{B})$ , $V_{\pi}^{B}\neq\{0\}$
1 1 . , $(\pi, V_{\pi})$ conductor $f_{\pi}=p^{n}$ $\dim V_{\pi^{B_{n}}}=1$ .
$H(G, B_{0}),$ $H(G, B_{1})$ (1),(2) .
Fact 1. (Hecke) $H(G, B_{0})=Z[T^{*}(p)],$ $T^{*}(p)=B_{0}(\begin{array}{ll}p 00 p^{-1}\end{array})B_{0}$,
Fact 2. (Matsumoto) $H(G, B_{1})=Z[T_{1}, T_{2}]_{nc}$,





, , $H(G, B_{n})(n\geq 2)$
. , 2 $n=2$ , (
) . , \langle , Hecke
. , ,
. , motivation :
(1). $G=SL_{2}(Q_{p})$ $GL_{2}(Q_{p})$ Hecke
( image ) . ,
$G$ $\Gamma$ ,Ihara-Selberg $\zeta_{\Gamma}(u)$ $L^{2}(G/\Gamma)$
, $V_{\pi^{B_{1}}}\neq\{0\}$ ( , conductor $=p^{n}n\leq 1$ ) $([Has- 1|)$ .
, conductor .
(1) $,(2)$ step .
(2). Level $N$ primitive cusp form $f(z)\in S_{2}^{0}(\Gamma_{0}(N))$ Fourier
, $f$ $Q$ $B_{f}$ conductor $N$ .
conductor $p>3$ , $ord_{p}(N)\leq 2$
, ( weight $k>2$ ) “modular proof‘(i.e., , Galois
) ? $P^{n}|N(n\geq 2)$ ,
$T(p)$ “Hecke ” . , Hecke $H(G, B_{n})$
.
\S 1. $B_{2}$ $arrow$ $B_{1,1}$ .
$p$ , $n=2$ . ,
$B_{1,1}$ $:=$ { $(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Q_{p});b,$ $c\equiv 0$ (mod $p)$}
$B_{2}$ $GL_{2}(Q_{p})$ $H(G, B_{2})\cong H(G, B_{1,1})$ , ,
$H(G, B_{1,1})$ . $H(B_{0}, B_{1,1})$ reduction mod $p$
$H(B_{0}, B_{1,1})\cong H(G, T)=End_{G}(Ind_{T}^{G}(1_{T}))$ , $1_{T}\cong Z$ ; trivial T-module
$F_{p}:=Z/pZ,$ $G:=SL_{2}(F_{p}),$ $T:=$ $\{ (\begin{array}{ll}a 00 a^{-1}\end{array}) ;a\in F_{p}^{x}\}$ .




$In\#(1_{T})$ $=$ $1_{G}\oplus 3\psi\oplus\{(\eta^{1}\ddagger\eta(\xi_{1}\xi_{2_{2}})_{)}p\equiv 3p\equiv 1$ $(mod 4)(mod 4)\}$
$\oplus 2\sum_{1\leq 2:\leq\iota_{\frac{-3}{2}}}\chi_{2i}\oplus 2\sum_{1\leq 2j\leq\frac{r-1}{2}}\theta_{2j}$
.
, $\psi,$ $\xi_{1},$ $\eta_{i},$ $\chi_{i}$ , a $G=SL_{2}(F_{p})$ ,[Dor] .
$\deg(\psi)=p,$ $\deg(\xi_{1})=\epsilon_{2}\pm 1\deg(\eta_{i})=L_{2}^{-\underline{1}}\deg(\chi_{i})=p+1,$ $\deg(\theta_{i})=p-1$ .
,C :
Corollary 2. $H(B_{0}, B_{1,1})\otimes_{Z}C\cong C\oplus M_{3}(C)\oplus(C\oplus C)\oplus M_{2}(C)^{\oplus(p-3)l2}$,
, $\dim H(B_{0}, B_{1,1})=2p+6$ .
Remark 1. Q-algebra . 3 $Q\oplus$
$M_{3}(Q)\oplus Q(\sqrt{(\frac{-1}{p})p})$ . 1 $p$-
.
$H(G, B_{1,1})$ $H(B_{0}, B_{1,1})$ ( )
. approach .
Corollary 3. $H(B_{0}, B_{1,1})\otimes Q$ 1 3 $fi,$ $f_{2},\overline{f}_{2}$ :
$f_{1}$ : $H(B_{0}, B_{1,1})\otimes Qarrow Q$ ,
$fi([\alpha])=\deg[\alpha]$ ( cosets ); ,
, (1),(2) cosets .
: $[\alpha]’=B_{1,1}\alpha B_{1,1}\in H(B_{0}, B_{1,1}),$ $\chi(a):=(\frac{a}{p})$ $(a\in Z_{p})$ . , $F_{p}^{x}\cong\mu_{p-1}\subset Z_{p}^{x}$
$F_{p}^{x}$ $Z_{p}^{x}$ . $F_{p}=S\cup N,$ $S=$ { $0$ , }, $N=$
{ }; $\nu\in N$ .
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$t(x)$ $;=$ $(\begin{array}{ll}1 x0 1\end{array})$ $\hat{t}(x)$ $;=$ $(\begin{array}{ll}1 0x 1\end{array})$
, coset $2p+6$ (
).
$1:=[I_{2}]=[(\begin{array}{ll}1 00 1\end{array})1, w:=[s_{1}]$ ..... $\deg=1$ ( $\deg=(p-1)/2$)
$\alpha_{\infty,\chi(\epsilon)}:=[\hat{t}(\epsilon)]=[(\begin{array}{ll}1 0\epsilon 1\end{array})]$ , $(\epsilon=1, \nu)$
$\eta_{\chi(\epsilon)}$
$:=[s_{1}t(-\epsilon)]=[(\begin{array}{ll}0 \epsilon-\epsilon^{-1} 1\end{array})]$, $(\epsilon=1, \nu)$
$\alpha_{0,\chi(\epsilon)}:=[t(\epsilon)]=[(\begin{array}{ll}1 0\epsilon 1\end{array})](=\gamma_{\chi(\epsilon)}(0))$ $(\epsilon=1, \nu)$
$\beta_{\chi(\epsilon)}:=[t(-\epsilon)s_{1}]=[(\begin{array}{ll}1 \epsilon-\epsilon^{-1} 0\end{array})](=\gamma_{\chi(\epsilon)}(-1))$ , $(\epsilon=1, \nu)$
$\gamma_{\chi(\epsilon)}(z):=[\hat{t}(z\epsilon)^{-1}t(\epsilon)]=[(\begin{array}{lll}1 \epsilon z\epsilon^{-1} z +1\end{array})]$ , $(\epsilon=1, \nu;z\in F_{p}\backslash \{0, -1\})$
\S 3. $H(B_{0}, B_{1,1})$ cosets .
cosets , $H(B_{0}, B_{1,1})$ Prop. 1
, $p=3$ , . ($p=3$ ,
$PSL_{2}(F_{p})\cong A_{4}$ (4 ), $B_{0}\triangleright B_{1,1}$ $A_{4}$ )




$\alpha_{0,1}\alpha_{\infty,1}=\{\begin{array}{lllll}\eta+ \cdots p\equiv 1 (mod 4)0 \cdots p\equiv 3 (mod 4)\end{array}\}+\Sigma_{x^{2}\in S^{X},1+x^{2}\epsilon S^{x}}\gamma_{+}(x^{2})+\Sigma_{x^{2}\epsilon S^{x},1+x^{2}\in N}\gamma_{-}(x^{2})$ ,
$\alpha_{\infty,1}\gamma_{+}(z)=\Sigma_{x^{2}\in S^{x}}\gamma_{+}(z+x^{2})$ ,
$\alpha_{\infty,1}\gamma_{-}(z)=\Sigma_{x^{2}\in S^{X}}\gamma_{-}(z+\nu x^{2})$ ,
$\gamma_{+}(z_{1})\gamma_{+}(z_{2})=\{\begin{array}{llll}z_{\frac{-l}{2}1+} z_{\frac{-l}{2}w} \cdots z_{1}-z_{2}=0\alpha_{\infty,1}+\eta+ \cdots \cdots z_{1}-z_{2}\in S^{x}\alpha_{\infty,-1}+\eta_{-} \cdots \cdots z_{1}-z_{2}\in N\end{array}\}$
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$+\Sigma_{y^{2}\in S^{x},1+z_{2}y^{2}\neq 0,1+(z_{2}+1)y^{2}\neq 0}\gamma_{\chi(\frac{1+(z_{2}+1)y^{2}}{1+z_{2}y^{2}})}([1+(z_{2}+1)y^{2}][z_{1}+(z_{1}+1)z_{2}y^{2}]y^{-2})$.
, , Prop. 1 .
. .
: $A:=\alpha_{0,1}+\alpha_{0,-1}+\alpha_{\infty,1}+\alpha_{\infty,-1},$ $B:=\beta_{+}+\beta_{-}+\eta_{+}+\eta_{-}$ , $C_{z}$ $:=\gamma_{+}(z)+\gamma_{-}(z)$
$(1\leq z\leq p-2)$ . $<\rho>=\mu_{p-1},$ $<\kappa>=ker(Norm:F_{p^{2}}^{x}arrow F_{p}^{x})$ .
$a_{\psi}$ $;=$ 2 $\sum_{k=1}^{}\chi(\rho^{2k}+\rho^{-2k}-2-4z)$ ,
$a_{\xi}$ $;=$ 2 $\sum_{k=1}^{}(-1)^{k}\chi(\rho^{2k}+\rho^{-2k}-2-4z)$ ,
$a_{\eta}$ $;=$ 2 $\sum_{k=1}^{}(-1)^{k+1}\chi(\int\sigma^{2k}+\kappa^{-2k}-2-4z)$ .
Proposition 4. Prop.1 , $H(B_{0}, B_{1,1})$ , Remark 1. 3
$Q$- :
$E_{1}$ $=$ $\frac{1}{p(p+1)}\{1+w+A+B+\sum_{z=1}^{p-2}C_{z}\}$,
$E_{\psi}$ $=$ $\frac{1}{p^{2}-1}\{3(p-1)1+(\frac{-1}{p})(p-1)w+(p-3)A+(\frac{-1}{p})B+\sum_{z=1}^{p-2}a_{\psi}(z)C_{z}\}$ ,
$E_{\xi}$ $=$ $\frac{1}{p(p-1)}\{(p-1)1+(-1)^{(p-1)/4}(p-1)w-A-(-1)^{(p-1)l^{4}}B+\sum_{z=1}^{p-2}a_{\xi}(z)C_{z}\}$
$(p\equiv 1 (mod 4))$ ,
$E_{\eta}$ $=$ $\frac{1}{p(p+1)}\{(p-1)1+(-1)^{(p+5)/4}(p-1)w-A-(-1)^{(p+5)/4}B+\sum_{z=1}^{p-2}a_{\eta}(z)C_{z}\}$
$(p\equiv 3 (mod 4))$ .
\S 4. Bruhat .
$G$ $B_{1}$ ( $=$ ) Bruhat , affine Weyl
$W_{aff}$ $:=<s_{1},$ $s_{2}>$
$G$ $=$ $\bigcup_{w\in W_{aff}}B_{1}wB_{1}$ $=$ $\bigcup_{\ell=0}^{\infty}G_{\ell}$ (disjoint),
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$G_{\ell}:=\cup^{*}B_{1}wB_{1}$ ( $w$ $s_{2}$ $\ell$ ).
,
$M_{\ell}$ $:=$ submodule in $H(G, B_{1,1})$ generated by cosets in $B_{1,1}\backslash G_{\ell}/B_{1,1}$
. $M_{0}=H(B_{0}, B_{1,1})$ ; $M_{l}$ $H(B_{0}, B_{1,1})$-module .
Proposition 5.
$\dim_{Q}M_{\ell}=2p+10$ $(\forall\ell>0)$ .







$[t(x)(s_{1}s_{2})^{p}s_{1}t(\delta)]$ $(\delta=1, \nu;x\in F_{p})$ ( $x\neq 0\Rightarrow$ indecomposable).
cosets , $x\neq 0$ , cosets






. (1) $H(B_{0}, B_{1,1})\otimes Q=Q[[s_{1}], [t(1)]]$ .
(2) $H(G, B_{1,1})\otimes Q=Q[[s_{1}], [t(1)], [t(x)s_{1}s_{2}s_{1}t(\delta)]]$ , $(\forall x, \delta\neq 0)$ .
, 2 $H(G, B_{1,1})\otimes Q$ 1 key .
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Proposition 6 ( ) $H(B_{0}, B_{1,1})$ -module
$M_{1}\cong M_{2}\cong\ldots\cong Mp(\forall\ell>0)$ .
Proposition 7. $M_{\ell+1}\subset M_{\ell}M_{1}(\forall\ell>0)$ .
\S 5. .
2 , , gap
. $\ell\in N,$ $\delta\in F_{p}$ ,




. $M_{l,\delta}=M_{\ell,a^{2}\delta}(\forall a\in F_{p}^{x})$ ,
$M_{\ell}=M_{\ell,1}\oplus M_{\ell,\nu}\oplus$ ($decomposable$. part)
.
Theorem 1. $\delta=1$ or $\nu\in F_{p}$
(i) $M_{l,\delta}(1):=E_{1}M\ell,s$ $Q$ 1 $H(B_{0}, B_{1,1})$ - ,
$(p+1)E_{1}h_{z}=(h_{1}+\ldots+h_{p+1})$ $(\forall z\in F_{p})$ .
(ii) $M_{\ell,\delta}(\psi):=E_{\psi}M\ell,s$ $Q$ 3 $H(B_{0}, B_{1,1})$ - ,
$(p^{2}-1)E_{\psi}h_{z}=(p+3) \sum_{a^{2}\epsilon S^{X}}h_{za^{2}}-(p-1)\sum_{a^{2}\in S^{x}}h_{z\nu a^{2}}-(p-1)(h_{p}+h_{p+1})$





(iii) $p\equiv 1$ $(mod 4)$ . $M_{\ell,\delta}(\xi):=E_{\xi}M_{p\delta}$ $Q$ 2 $H(B_{0}, B_{1,1})$ -
,
$\frac{p-1}{2}E_{\xi}h_{z}=\sum_{k=1}^{p-1}(-1)^{k}h_{z\rho^{2k}}$ $(\forall z\in F_{p}^{x})$ ,
$E_{\xi}h_{p}=E_{\xi}h_{p+1}=\{0\}$ .
(iv) $p\equiv 3$ $(mod 4)$ . $M_{p\delta}(\eta)$ $:=E_{\eta}M_{\ell,\delta}=\{0\}$ .
Theorem 2( ).
(i) $H(G, B_{1,1})\otimes Q$ 1 $\varphi^{(1)}$ , $\varphi^{(1)}|H(B_{0}, B_{1,1})\otimes Q=f_{1}$
2 :
$\varphi_{1}^{(1)}=deg$ ..... $\varphi_{1}^{(1)}([s_{1}])=1,$ $\varphi_{1}^{(1)}([t(1)])=\frac{p-1}{2},$ $\varphi_{1}^{(1)}([s_{2}])=p^{2}$ ;
.
$\varphi_{2}^{(1)}$
..,.. $\varphi_{2}^{(1)}([s_{1}])=1,$ $\varphi_{2}^{(1)}([t(1)])=\frac{p-1}{2},$ $\varphi_{2}^{(1)}([s_{2}])=-p$ ,
$\varphi_{2}^{(1)}(h_{\delta,x}^{(\ell)})=\varphi_{2}^{(1)}(h_{\delta,p}^{(\ell)})=\varphi_{2}^{(1)}(h_{\delta,p+1}^{(\ell)})=(-1)^{p}\frac{p-1}{2}$ .
(ii) $p\equiv 3$ $(mod 4)$ . , $H(G, B_{1,1})\otimes Q$ 1 $\varphi^{(2)}$ ,
$\varphi^{(2)}|H(B_{0}, B_{1,1})\otimes Q=f_{2}$ , Supp$(\varphi^{(2)})\subset H(B_{0}, B_{1,1})\otimes Q$
( , $G$ super cuspidal ).
Remark 2. $p\equiv 1$ $(mod 4)$ , 1 , $\varphi^{(2)}$ ( ) .
, $P=5$ , $\varphi^{(2)}(h_{\delta,1}^{(1)})=2p\cross\frac{-1\pm\sqrt{5}}{2}$ etc. . , super
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